We describe a non-perturbative method to solve the Hamilton-Jacobi equation for invariant surfaces in phase space. The problem is formulated in action-angle variables with a general nonlinear perturbation. The solution of the HamiltonJacobi equation is regarded as the fixed point of a map on the Fourier coefficients of the generating function. Periodicity of the generator in the independent variable is enforced with a shooting method. We present two methods for finding the fixed point and hence the invariant surface. A solution by plain iteration is economical but has a restricted domain of convergence. The Newton iteration is costly but yields solutions up to the dynamic aperture. Examples of lattices with sextupoles for chromatic correction are discussed.
INTRODUCTION
This paper discusses a method to calculate approximate invariant surfacer (tori) for nonlinear dynamical systems. The surfaces are found from a numerical solution of the HamiltonJacobi
The theory is outlined in the next section. Several examples of solutions in two degrees of freedom are given in the following section. Finally results are summarized. THEORY The Hamiltonian describing single particle motion in transverse phase space for a storage ring or synchrotron can be written in action-angle variables asp H ( cp, I, s) = n( s) . I + V( cp, I, s) , (1) .= ($i,$Z) where n ( s ) = (l/Pi(s), 1/P2(s)), I = (11, I2), and for the two transverse dimensions. The Hamiltonian is periodic in s with periodicity C, the circumference of the ring. The perturbation considered here is due to sextupoles used for chromatic correction,
The perturbation is expressed in action-angle variables through the transformations 
Note that the h, are constant between nonlinear elements. They have a modified periodicity h,(C) = e2""."hm(O) which follows from gm(C) = gm(0).
The numerical integration of Eq. (11) from an initial value is the map U on the initial conditions
The periodicity of the h ( s ) and Eq. (12) define a boundary value problem = Am(h(0)) .
The solution to Eq. (13) is the fixed point of the map A(h)
and is constructed to be the periodic solution to the original differential equation, Eq,(ll). This fixed point is found by simple iteration for small betatron amplitudes and by Newton's iteration5 at large amplitudes near unstable regions of phase space. tCurreEt address SLAC, Stanford University, Stanford, California 94309. However using Broyden's f o r m~l a~-~ to update the Jacobian, and selecting only the numerically significant modes for the mode set S reduces the computation time. Broyden's formula gives an estimate for, the Jacobian D'+' at the next iteration given the Jacobian D' at h'. The resulting Newton-Broyden iteration does not converge as fast as the real Newton iteration, but it has the advantage that the next Jacobian is given after only one more evaluation of the map. Only one full divided difference calculation of the Jacobian is done at the start of the iteration.
Furthermore, using only modes that contribute significantly to the evaluation of G+ reduces the number of map evaluations that must be done for the first Jacobian calculation. hfodes are selected with values of Ilnih,ll/llJII above a cut-off. All other modes are consistently ignored.
Once the g,(so) are known the invariant surface I(@, so; J)
is given according to Eqs. (6) and (10).
NUMERICAL RESULTS
In this section the design for a single cell of the Berkeley Advanced Light Source' (ALS) is analyzed. See Table I for parameters of the single cell design. It has been studied with the one dimensional HJE technique3 but the problem is much more difficult in two dimensions because of the large number of modes. 
SUMMARY
The Hamilton-Jacobi equation was solved numerically for the invariant surface in two degrees of freedom. Several examples were given and a convenient way to plot the results was shown. For solutions at large amplitude, mode selection and Broyden updating of the Jacobian were employed to save considerable computing time. 
